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ABSTRACT
We present calculations for quantum dot (QD) arrays that are more realistic than most. They describe the arrays in atomic detail, using
pseudopotentials fit to ab initio results to describe the electronic structure. Our results show that simple models, which regard QDs as
(artificial) atoms, are a reasonable approximation to employ for some features of QD array electronic localization characteristics. But we also
demonstrate important limitations. The need for realistic theoretical descriptions of QD arrays is highlighted.

1. Introduction. Collections of essentially isolated quantum
dots (QDs) have been extensively studied theoretically and
experimentally. Prodigious effort has also been devoted to
electronically interacting QDs in arrays because of important
applications, especially those which involve QD array
superlattices.1-4 But understanding of electronically coupled
QD arrays lags behind isolated systems. The former systems
are the subject of this letter, and we will focus on the issue
of localization of electronic states in them.

Many kinds of electronically coupled QD array systems
have been examined experimentally,1,2,5-7 and the electronic
state localization in these systems has been examined.2,5,7-9

Localization phenomena remain controversial for many of
these systems.

A large number of theoretical studies on QD arrays in the
solid-state literature use the simple Anderson-Newns or
Hubbard-type model Hamiltonians.10-13 Each QD is regarded
as an atom in the majority of these studies, in accord with
the often well-justified approximation of viewing QDs as
artificial atoms. However, it is not self-evident that such an
approach will accurately describe real QD array systems. Our
calculations, which treat QD arrays in atomic detail, indicate
the electronic coupling between the QDs in the array can be
a sensitive function of their configuration and surface
structure. Artificial atom QD approaches cannot probe these
effects- the interdot coupling is simply parametrized. We find
the QD array wave functions themselves can be very
complicated and difficult to map onto simple atomic-like
basis sets. There is a pronounced dearth of higher level
calculations that treat QD arrays realistically, i.e., in atomic
detail. Thus, especially in light of the other points above,
realistic studies of QD arrays seem fully warranted.

It is appropriate to briefly review electronic state localiza-
tion phenomenon in the context of QD array systems.

Electronic states can become localized even in crystalline
bulk solids by various kinds of deviations from perfect crystal
structure (introduced impurities, dislocations, adsorbed spe-
cies, surfaces, etc.). In typical noncrystalline materials, where
the atomic structure is amorphous, the disorder can be so
great that all or nearly all of the electronic states in the system
become localized to some degree.14,15In these systems, states
are often spatially localized near one or a small number of
atoms. However, with our QD array systems, we will be
primarily concerned with states that are localized on one or
a few QDs (not atoms). There are a number of ways that
this can occur. The QD size can vary and cause disorder in
the array superlattice, which changes both the band offset
between dots and their electronic coupling. The surface
structure of the dots can vary, which dramatically affects
the coupling, and also can cause charge transfer between
the dots which changes the atomic energetics. The QDs can
also be at random orientations and distances relative to each
other, and this can cause significant differences in the
electronic coupling between dots.

If all electronic states were localized in a system, and
therefore, no extended state channels remained, the principal
means of conduction would be through phonon assisted
hopping.14,16 In less disordered systems, both localized and
extended state conduction is possible. Thus, to characterize
carrier transport properties in QD array systems, it is crucially
important to ascertain the extent of localization, just as it is
in noncrystalline materials,14-16 and we devote our attention
to this below. Perfectly ordered arrays of identical QDs are
an idealization, and may remain so far into the future.

We focus our studies primarily on systems that have no
material between the dots, i.e., the matrix in which they are
embedded is vacuum. This allows examination of the effects
of QD disorder itself uncomplicated by matrixes. We keep
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the separation between QDs small enough that the electronic
coupling is high and Coulomb blockades and related effects
can be expected to be attenuated.17,18 We do not consider
electron-electron interactions as an agent of localization.17

We also do not address phonon localization here, nor do we
directly address phonon involvement in transport, although
we have done this elsewhere.19,20 Nonetheless, because our
studies allow the characteristics ofT ) 0 localization to be
established, the character and degree of phonon assisted
transport forT * 0 can be ascertained, as it is in other
systems.14,15

2. Methodology.We employ a number of approaches for
these very computationally demanding systems. We use ab
initio calculations, including B3LYP density functional
theory (DFT), as well as standard quantum chemistry basis
sets implemented via Gaussian 98 and Jaguar v3.0,21,22 on
small QD arrays consisting of just two QDs, and also to
scrutinize the electronic structure of single dots. These results
serve as checks on lower level calculations and are used to
parametrize them (vide infra). For studies of large arrays in
this letter, we focus on results from a pseudopotential method
that is a non-self-consistent field approach, which is described
in the next paragraph. As an additional check on this method,
we employ one of the few tractable self-consistent field
(SCF) approaches for very large systems. This is a semi-
empirical approach from quantum chemistrysthe PM3
Hamiltonian of MOPAC.23

We now begin to describe the pseudopotential method
employed here for large QD arrays. The empirical pseudo-
potential method (EPM) has a long history in solid-state
physics.24 It remains one of the few methods used for
addressing a number of excited-state properties in solid-state
systems. It uses a linear superposition of atomic pseudopo-
tentialsVatomic (r ) to represent the total system potential

wherer i is the atomic real space vector. The time indepen-
dent Schro¨dinger equation is then solved using thisVtotal(r ).
In the EPM,Vtotal(r ) is Fourier transformed to reciprocal
space and a plane wave basis set used. The weakness of this
method is of course that, like standard tight binding methods,
it is not a self-consistent field methodology.

Our overall approach is very similar to EPM and closer
still to an LCAO approach, which has found great success
for bulk solid-state properties.25 In our method, we employ
eq 1 in its real space form. We start with standard local EPM
pseudopotentials24 in real space; these are essentially identical
to those detailed in ref 25. But we find the surface atomic
pseudopotentials need to be different than bulk, to some
extent, to best match our one dot B3LYP DFT ab initio
studies, and we adjust these (for H and outer Si atoms). To
solve the time independent Schro¨dinger equation for the
system, we use the same LCAO s,p,d, minimal real space
basis set expanded in GTOs as ref 25. (Both real and
reciprocal space basis sets have well-known advantages and
disadvantages for systems of the general kind examined

here).26 Our method is thus a hybrid of EPM and LCAO,
and we call it the augmented (augmented by changing surface
atom pseudopotentials) real space empirical pseudopotential
(ARSEP) method. We find, via ab initio B3LYP DFT and
HF SCF calculations, that the small pseudopotential correc-
tions mentioned are also sufficient when the dots are
electronically interacting, as long as they are far enough apart,
in part because the charge exchange is small and because
the dipole moment is very small (our ab initio results show
it is of order 0.001 D for the 10 Å QDs used below). Thus,
this nonself-consistent field approach is at least partially
justified. We have described other details of this general
method elsewhere.19

There are a number of measures of electronic state
localization,14 but we will use essentially one below. This
method simply involves summing the probability density on
each dot for each state. We then calculate for each state how
many dots contain 98% (or other percentages) of the total
probability density for that state. We will call this measure
the dots per state (DPS). Obviously, this method is closely
related qualitatively to the well-known participation ratio
localization measure.14 There is some ambiguity in the DPS
measure, and the problems are analogous to the well-known
ones of Mulliken charge analysis.27 But in practice, because
we deal with probability density on large entities (QDs),
rather than atoms, the problems are decreased.

The well-known standard definitions of extended and
localized states14,15 can be problematic when small devices
are considered, as we now illustrate. For example, assume a
characteristic localization length for some states in a large
system is of 100 Å scale. If we cut out a chunk of this system
of scale 100 Å some groups of states, which are localized
by standard definitions, may be quasi-extended. That is, in
this sized system, these states will have significant probability
density throughout the system and an electron wave packet
placed in such states will propagate through the system. Thus,
the system will conduct (from one end of the device to the
other) through such a state atT ) 0. This is the main feature
of interest in many small devices, and the localized state
then is, for all practical purposes, extended. Already in the
literature such states in small devices are called, simply,
extended states. But to avoid confusion below, we will call
all states that span the device under consideration “quasi-
extended” states, unless we can prove they are extended in
the standard sense.

3. Results and Discussion.The arrays we focus on in
this Letter use a QD cut from bulk Si, and we passivate the
surface Si atoms (which are not fully coordinated) with
hydrogen atoms set at configurations optimized via ab initio
calculations (LACVP basis set),21 while holding the Si
framework fixed (the H-Si bond length on average is a little
less than 1.5 Å). This QD is as spherically shaped as possible
for its size of about 10 Å in diameter (D). We will call this
dot the D ) 10 Å QD (it has 29 Si atoms). The set A
eigenvalues in Figure 1 are results from a ARSEP calculation
on this QD, and these eigenvalues (and eigenstates) match
ab initio calculations (B3LYP DFT) that we have performed
on this dot well. The zero of energy in Figure 1 was set at

Vtotal(r ) ) ΣiVatomic(r-r i) (1)
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theD ) 10 Å QD HOMO eigenvalue. Figure 1, set A, shows
that the eigenvalues of theD ) 10 Å QD appear rather
discrete on the energy scale used. But when we bin these
eigenvalues to form Figure 1b, one sees that the density of
states is already similar to bulk Si. The width of the valence
band is somewhat larger than bulk, in accord with our ab
initio calculations.

As can be seen in set A of Figure 1, the ARSEP calculation
gives a value of about 4.4 eV for the main band gap of the
D ) 10 Å QD, and this is in accord with previous
calculations uncorrected for Coulomb interactions.28-31 These
standard corrections have undergone recent scrutiny and
remain somewhat controversial.29-31 Thus, it seems appropri-
ate to report uncorrected data. Experiments indicate band
gaps for Si QDs are actually smaller than predicted by theory,
even with Coulomb correction.32 But controversy surrounds
these matters as well. The absolute size of the band gap is
rather unimportant for our studies below since we focus on
one size of QD (we do not explore band gap vs QD size).
Band gaps, of course, remain difficult to predict accurately
theoretically, even for the highest level methods, for well-
known reasons.24,26

We will focus on smaller QDs and arrays for a number of
reasons. Perhaps the majority of previous theoretical studies
use very small arrays, many consider only two QDs, so our
results can be easily compared to these. Smaller arrays allow
us to use PM3 SCF calculations to probe charge redistribu-
tion. We are interested in strongly electronically coupled QD
arrays, and we have calculated that the electronic coupling
can be quite significant with theD ) 10 Å dots (vide infra).
Many devices propose to make use of very small arrays.
Finally, smaller dots and arrays save computational resources.
We will briefly discuss our studies of larger QDs and arrays

below which show little loss of generality is involved in using
smaller ones.

When QD arrays are composed of far separatedD ) 10
Å QDs, the eigenvalues of the entire system look, of course,
just like set A of Figure 1. If the QDs are spaced close to
each other, and their electronic coupling thus becomes
significant, these rather discrete states begin to form sub-
bands. Let us explore aspects of this by first taking theD )
10 Å QDs and aligning them linearly, by translating them
in the (001) direction of the QD, with their crystal directions
thus all pointing in the same Cartesian direction and with
their passivating endmost hydrogens consequently at right
angles relative to each other. We space the dots equidistantly
from each other and use a total of twelve dots. The closest
hydrogens in this 1D array were 1.3 Å from each other, and
these comprised only about four per dot. The eigenvalues
for the ordered array we just described are set B of Figure
1. The subbands, which are seen to be formed in set B of
Figure 1, are analogous to those that form in quantum well
superlattices, thus they can be called minibands. Curve (a)
of Figure 2 plots the DPS (dots per state, see method section)
for this ordered system for states near the top/bottom of the
main valence band (VB)/conduction band (CB) energy region
of theD ) 10 Å QD (we used states 4 eV into the D) 10
Å QD VB and CB; compare eigenvalues of set A with set B
in Figure 1 to identify these regions). These states are of
most interest for transport properties in many proposed
devices. Note that the states in curve (a) of Figure 2 are
significantly delocalized over the small system we use,
indeed this figure shows almost all the QDs in the system
are needed to account for 98% of the probability density in
each state shown. Many of the states in this ordered QD
array are highly degenerate, and we of course use appropriate
wave function superpositions to calculate the DPS. Most
states in this system are extended in the standard sense of
the term.

Let us begin a study of localization for 1D arrays by using
the same array of twelve QDs discussed immediately above,
except we now move the QDs randomly in 1D (along the
axis which runs through the dot centers). We keep the

Figure 1. Plots of the eigenvalues for (A) The isolatedD ) 10 Å
QD and (B) The ordered 1D QD array of twelve QDs. (C) A
representative 1D QD array from the 20 disordered 1D QD arrays
composed of twelve QDs.

Figure 2. Plots of the dots per state (DPS) needed to account for
greater than 98% of the probability density in a given state for (a)
the ordered 1D twelve QD array (b) the average DPS for the
ensemble of 20 disordered 1D twelve QD arrays.

38 Nano Lett., Vol. 1, No. 1, 2001
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random separation distance between the QDs small enough
that the electronic coupling between all dots remains high
(we quantify this coupling as the standard electronic coupling
matrix element for electron transfer,33 and we calculate that
for nearest neighbor dots, this was kept greater than order
0.01 eV). The hydrogen to hydrogen distances between dots
were constrained between a minimum of 1.2 Å, and a
maximum of 1.6 Å. The set C eigenvalues of Figure 1 are
from one random configuration with these constraints (we
used a total of 20 random configurations) and this figure
shows that minibands again form. However, in these more
realistic (disordered) QD arrays the character of the electronic
states is different than usually considered in quantum well
superlattices. One of the most significant differences is that
these array minibands contain a substantial number of
localized states. Curve (b) of Figure 2 plots the average dots
per state for 20 configurations, using the constraints de-
scribed, for states in the top/bottom 4 eV of the main VB/
CB, respectively. It can be clearly seen, in comparison with
curve (a) of Figure 2 (which is for the ordered 1D array),
that many of the states are localized. However, some of the
states have significant probability density on each dot (see
curve (b) of Figure 2), and are thus quasi-extended states
(theory predicts that in a true 1D system with any disorder
all states are localized; obviously, our system is atomically
3D).14 In passing, we note that greater separation distances
between the dots, of course, decreases the electronic coupling.
We find mixing and minibands occur even at a H-H distance
(between QDs) of 2.4 Å (our current largest separation
distance). PM3 geometry optimization shows our closest
separation distances are physically realizable in a vacuum
matrix, but the matrix can prohibit this close separation in
real systems.

Let us now look at higher dimensional array configura-
tions. We have done many studies of two and three-
dimensional Si QD arrays. We will focus on one of the three-
dimensional ones. This study used twelve of theD ) 10 Å
QDs above in the following configuration. A perfectly
ordered 3D array was constructed by placing four QDs at
corners of a square and using three layers of these squares.
All crystal faces of the QDs pointed in the same direction
(same as above). The endmost hydrogens (those parallel to
the long axis) were again at right angles to each other. Figure
3, set A, plots the eigenvalues for this system, and shows
the minibands which result from the ARSEP calculation on
this 3D QD array. Figure 4 shows the dots per state for states
near the top/bottom 4 eV of the main VB/CB, respectively.
Figure 4, curve (a), shows that in this perfectly ordered 3D
“crystal” these states are highly delocalized, and many of
these are highly degenerate. Standard extended states exist.

We constructed another 3D QD array the same way as in
the last paragraph, except we altered the array so that it was
significantly disordered. We did this by moving each dot’s
center randomly from those of the last paragraph, and we
also randomly rotated the dots about their spatial center. As
in the 1D case, the hydrogen to hydrogen distances between
dots were constrained to lie between a minimum of 1.2 Å,
and a maximum of 1.6 Å. The eigenvalues for this system

are shown in set B of Figure 3, as calculated via ARSEP,
and minibands are again seen. Figure 4, curve (b), shows
the dots per state 4 ev into the CB and VB. Comparison of
curve (a) and (b) in Figure 4 show some obvious localization
in the 3D disordered system. However when Figure 4 is
compared to Figure 2 one sees the localization in this strongly
disordered 3D system is less than for the disordered 1D array
(curve (c) Figure 2). We find the latter is general for these
systems regardless of what measure of localization is used.
Thus, our calculations agree with standard ideas regarding
disordered (atomic) systems, which show that it is harder to
induce localization in higher dimensional systems (2D and
3D) than 1D systems.14,16,34,35We note our calculations show
that the states on the edges of the subbands tend to be
localized, and that states nearer the middle of the subbands
are more extended, also in agreement with the standard
notions about disordered atomic systems.14 This tendency is
also displayed in the 1D arrays to varying degrees.

We have made extensive studies of other 1D, 2D, and 3D
arrays of dots. We have not made a full systematic analysis
of these results, and additional calculations remain, but trends
have already emerged. Localization can be quite pronounced
when we use different sized dots (as are present in

Figure 3. Plots of the eigenvalues for (A) The ordered 3D QD
array of twelve QDs. (B) A representative 3D QD array from the
20 disordered arrays composed of twelve QDs. Same energy scale
as Figure 1.

Figure 4. Same as Figure 2 except this plots the dots per state
(same 98% criterion) for (a) the ordered 3D QD array of twelve
QDs (b) the average DPS for the 20 strongly disordered 3D QD
arrays.

Nano Lett., Vol. 1, No. 1, 2001 39
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experimental systems)36 and/or oxidized and reconstructed
surfaces. Experiments already show that both localized and
extended (at least quasi-extended) states play a role in
transport (see introduction references), and this agrees
qualitatively with our theoretical investigations. That is, we
find, so far, that as long as the dots themselves are primarily
crystalline (as opposed to amorphous) that even our most
disordered systems do have some states that extend at least
on the order of 100 Å near the main gap that can allowT )
0 conduction (electron/hole transport) through a small array

of dots. We are in the process of comparing experiments2,5,7,9

to quantitative predictions of our calculations regarding
energetics (where localized and extended states lie in energy)
and conductivity.

We have assumed in this paper that the matrix in which
the QDs are embedded is vacuum. But in many QD array
systems organic molecules form the matrix. We have done
calculations with simple hydrocarbons as a matrix between
very small arrays, and the matrix can significantly affect
localization. Some organics can electronically couple strongly
with the QDs. It may prove possible to find superexchange
molecular bridges between dots which will allow high
coupling between dots and improve transport through the
system significantly.

We have performed tight binding as well as ARSEP
calculations with larger (D ) 20 Å dots) in QD arrays larger
than 40 dots and found conclusions in qualitative agreement
with those above. In these larger array systems, it is possible
to pack the dots in hexagonal and other geometries that
experimental images show occur in many QD array systems.

We now take the same pseudopotentials used in our
ARSEP method and solve not the time independent, but the
time dependent Schro¨dinger equation (via techniques dis-
cussed elsewhere)19 for electron wave packets in these QD
arrays.

In Figure 5, we show the results of a calculation for
simulated photoexitation (promotion of an electron from the
VB to the CB) of an electron (wave packet) in the middle
QD (see Figure 5a) in the two-dimensional QD array shown
in the figure. The picture of the electron probability density
(as a function of time) in the figure is a slice through the
middle of the array ofD ) 18 Å QDs; 49 dots were used.
All the QDs are randomly rotated relative to each other only
in the plane of Figure 5; they have the same orientation in
a perpendicular plane. Note the wave packet propagates
throughout the array in the direction of the horizontal axis.
Spreading of the wave packet is essentially prohibited (by
the disorder) in this state in the vertical direction of Figure
5. Thus the state is quasi-extended, in effect, only in the
horizontal direction. Because the state shown is a quasi-
extended state, it does not require phonon participation to
propagate from one (horizontal) end of the array to the other
(we useT ) 0 here). If leads were on the left and right side
of the array, and an electric field applied (which did not
significantly distort the state), a significant current could be
measured. Thus, the state is a diffuse wormhole for transport
oriented in primarily one direction. We have also done these
calculations for 3D arrays, which also show wormholes; the
graphics is most easily rendered for 2D arrays. We have
performed many of these time dependent wave packet
propagation calculations and we find that wormholes, of an
often very circuitous nature, exist even in very disordered
large QD array systems (more than 60 QDs). We have also
looked at the role of phonons and applied fields in these
systems regarding localization; these complex effects will
be reported elsewhere.

4. Conclusion.We have presented calculations above for
QD arrays that are more realistic than most. Our results

Figure 5. (a) Cross section through the 2D QD array described in
the text, which shows the position of the Si atoms in the middle of
a QD array composed of spherical Si dots of about 18 Å in diameter.
(b) The same cross section showing the probability density early
in the simulated photoexcitation when it is near the middle QD in
which the excitation is initialized (the spreading of probability
density into adjacent dots can be seen). (c) The same cross section
showing the probability density later in time when the electron wave
packet has propagated into the space allowed by the state described
in the text. Regions colored yellow have the highest probability
density followed by orange,red, violet, blue, and green.

40 Nano Lett., Vol. 1, No. 1, 2001
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demonstrate that, as in other areas of QD phenomena, simple
models which regard QDs as “atoms” are a reasonable
approximation for some features of QD behavior. Indeed our
results showed localization phenomena have some similar
characteristics in QD arrays and atomic systems. But we also
demonstrated that key features are not addressed. In short,
it is essentially impossible for “artificial atom” approaches
to predict what effects surface structure, crystal face orienta-
tion, reconstructions, etc. have on the amount of disorder
and where (in energy and space) the resultant states will be
localized in QD arrays because the “artificial atom” ap-
proaches can only parametrize these effects. Thus, it appears
that the artificial atom outlook has important limitations for
QD arrays, and that there is a marked need for extensive
realistic higher level studies.

We saw that even in QD arrays composed of identical
QDs localization appears. Real world dots can be expected
to have a greater degree of localization, as the preliminary
calculations we reported showed. We have performed
apparently the first calculations of wave packet propagation
through realistic array systems, and found that quasi-extended
state wormholes can exist even in very disordered systems.
Our calculations predict mixed extended and localized state
conduction through disordered real world self-assembled
small QD systems can occur, in accord with existing
experiments (vide supra) on small systems. This has impor-
tant implications for numerous QD array devices, especially
for devices that must have coherence to function. Theoretical
studies such as the present can serve to elucidate how
localization influences various real world systems, and help
lead the way to practical QD devices.
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